Abstract: A Cardiopulmonary (CP) model to study the interaction between Cardiovascular(CV) and Respiratory System (RPS) is presented. It includes detailed anatomical representations of CV, RPS and baroreflex control. The respiratory induced variations on CVS is realized by intrapleural pressure (Ppl). The state equations are solved using 4th order Runge-Kutta method. Sensitivity analysis is performed. The RPS influences on aortic pressure is presented for quite breathing and Valsalva Manuever and found have good agreement with literature data. Our model can simulate various CP diseases and therefore it can be used to study interactions hemodynamics in normal and pathological conditions. Keywords: haemodynamics; lung mechanics; gas exchange; baroreflex; intrapleural pressure; septum.
Introduction
Cardiopulmonary (CP) diseases need better understanding of their interactions for diagnosis and treatment (Rustagi, 1971) . Mathematical models can provide more information regarding both invasive and noninvasive parameters related to Cardiovascular System (CVS) and Respiratory System (RPS). Our objective is to develop a detailed model of CP with the facility of simulating all kinds of diseases related to CVS and RPS and their influence on each other. This model integrates three distinct models, heart with closed-loop circulation reported by Sun et al. (1997) , respiratory system with lung mechanics developed by Athanasiades et al. (2000) and gas exchange model developed by Liu et al. (1998) . A comprehensive survey of mathematical models to study the interaction of CV and respiratory system varies significantly in their complexity, assumptions and objectives (Chung et al., 1997; Mukkamala and Cohen, 2001; Luo et al., 2007) . Many authors have constructed separate models to explain CV system behaviour in normal as well as pathophysiological conditions (Burkhoff and Tyberg, 1993; Hay et al., 2005; Jung and Lee, 2006) and respiratory systems (Jackson and Milhorn, 1973; Anderson et al., 2009) . The interaction between CV and respiratory model is incorporated in many models only by modulating intrathoracic pressure in terms of respiratory frequency as reported by Beyar et al. (1987) and Cherniack and Longobardo (2006) without coupling detailed respiratory model. A comprehensive CP model with detailed circulatory model, lung mechanics and gas exchange has been reported in Lu et al. (2001) . However, in their model, the turbulent flow nature of cardiac valves, time varying viscoelastic property of pulmonary circulatory, and parameter simulate valvular disease were not addressed. Our model includes 1 CV model of four cardiac chambers with proportional valves, pulmonary and systemic circulation, pericardium, septum and baroreflex control 2 Respiratory model with lung mechanics and gas exchange.
Our model, therefore, has the advantages of simulating normal and pathological conditions of CVS and RPS and also their interaction in the above-mentioned conditions.
Model formulation

Cardiovascular model
The general form of the CV model is based on the work of Sun et al. (1997) . With the focus of our objective, the base has been modified. The following simplifications are made on the base model. The after-load systemic circulation is simplified with aorta, artery and capillary, coronary circulation is removed, systemic circulation compliances are modelled with simple capacitances and cosine activation function is used for cardiac chamber elastance. 
Heart model
Heart model includes four cardiac chambers with four heart valves. Left and ventricles can be modelled as three-walled system; Right Ventricle (RV) free wall, Left Ventricle (LV) free wall, and septal coupling wall . The viscoelastic property of the heart chamber free walls is modelled with time-varying elastance according to a cosine charging and discharging function. The LV free wall elastance is formulated as follows ) . .0.5. 1 cos ( . .0.5. 1 cos 1.5 0.5
where e lv [mmHg ⋅ ml ] represent the time-varying elastance of the LV free wall, t ee is the [0.3 s] end ejection time and e lv repeats the same pattern of changes for every cardiac cycle (0.855 s). F L is a scaling factor that characterises the non-linear property of the starling law and the dependence of the time-variant elastance on the volume of the LV.
where v max is the maximum cardiac fluid volume of normal human (900 ml). In similar way, right ventricle elastance can also be written. The corresponding parameter values are given in Figure 1 . The coupling septal wall offers direct pressure coupling between left and right ventricles through its constant elastance (E s 
where e la [mmHg ⋅ ml [0.835 s] indicates the time when the atrium begins to relax. RA elastance can be formulated as LV by appropriately replacing LV parameters.
Heart valves
The heart valves non-linear time-dependent behaviour is addressed by modelling them with three elements based on Sun et al. (1995) . They are 1 Bernoulli's resistance (S), (relates pressure-flow relation at the orifice based on Bernoulli's principle) 2 Inertance (L) (relates the acceleration and deceleration of flow)
3 Viscous resistance (R).
The opening of the valves is due to forward pressure difference between two anatomical locations Separated by them (for mitral valve p la > p lv ).
Systemic and pulmonary circulation
The systemic circulation is modelled with simple capacitance where as an exponential P-V relationship is adopted for pulmonary circulation to achieve effective coupling between respiratory and CV systems. The P-V relationship is given as follows
where E 0 (mmHg ⋅ ml
) denotes the zero-volume elastance, Z (ml) refers to the volume constant and v [ml] is the volume of the corresponding pulmonary circulatory unit (artery/vein).
Pericardium
The volume coupling is offered by the pericardium among all chambers in the pericardial cavity as reported by Hoit et al. (1993) . It gives significant constrain on the filling capabilities of the heart chambers. So, the total cardiac fluid volume includes blood volume and pericardial fluid volume (v pe = 30 ml).
The pericardial pressure has exponential relationship with volume and is given by 
where V pc0 is the zero-volume constant of pericardium and V con is the volume constant of pericardium.
Baroreflex control
Arterial pressure regulation (Shahin and Maka, 2007 ) is considered to represent controlled heart model. Therefore, baroreflex is modelled by controlling heart rate based on systolic peak pressure of aorta (P aos ), which is given as follows.
( )
where K baro is 188.68 based on De Boer et al. (1987) and HR 0 is 70 beats/min.
Respiratory model
The respiratory model consists of lung mechanics model based on Athanasiades et al. (2000) and gas exchange model based on Liu et al. (1998) and Lu et al. (2001) with some modifications (Figure 2 ). In general, gas transport occurs at two sites; between alveoli air and pulmonary capillary blood, between systemic capillary blood and cellular fluid. Our gas exchange model is limited to characterise gas transport only between blood and air at alveoli (lung gas exchange) not at tissue level (between blood and cellular fluid). 
Lung mechanics
In our lung mechanics model, airway of the respiratory system is subdivided as small airway (alveolar region), collapsible airway and upper airway. Alveolar region is lumped as a single unit and termed as small airway. It (of volume V A ) is assumed to exhibit nonlinear behaviour and the time-varying viscoelastic behaviour of lung tissue (Fredberg and Stamenovic, 1989; Jonson et al., 1993 ) is modelled by two-element Kelvin body, which incorporates capacitance to represent elastic nature and resistance to viscous dissipative property. The small air way is characterised by a resistor (Rs), which is exponentially related to alveolar volume (V A ) and residual volume (RV) as reported in Golden et al. (1973) and Olender et al. (1976) . 
where V* is the maximum alveolar volume at the end of inspiration and A s is the scaling parameter. In quite breathing, inhalation is an active process where as the exhalation is a passive process. So, the collapsible airway resistance Rc has different values for the two respiratory phases. The value for Rc during expiration is greater than that during inspiration and is characterised in terms of a non-linear volume-dependent resistance based on Golden et al. (1973 
The upper airway (dead space region) is also modelled by a non-linear, volumedependent resistance.
where Au is the offset and Ku is the scaling factor. The lung and airways are assumed to be enclosed within a rigid-walled thoracic cage, with the airways open to the atmosphere. The spatially averaged time-varying intrapleural pressure is driving the respiratory model. Excursion in pleural pressure is dictated by the effort generated by the subject. So, the source for the respiratory model is the time-varying intrapleural pressure. Based on mass conservation principle, volume state equation (1 st order differential equation) for the two compliant compartments of RPS are formulated. The coupling between lung mechanics and gas exchange are achieved by including gaseous alveolar flux flow in lung mechanics (Appendix).
Gas exchange model
Gas exchange between blood and air occurs across the alveolar-capillary membrane. The following assumptions are made in our model:
1 inspired air is instantaneously warmed to body temperature (300 K) and fully saturated with water vapour 2 the gaseous mixture obeys the ideal gas law 3 blood is considered as a uniform homogeneous medium (plasma and erythrocytes are lumped together)
4 within a control volume, the instantaneous specific reactions are considered to be at equilibrium 5 diffusion in radial and axial directions are not considered as in Lin and Cumming (1973) , so bulk gas transport occurs only in axial direction 6 diffusion is the sole cause of gas transport (Lu et al., 2003) and its rate depends on lung diffusion capacity (D L ) for the particular species (O 2 and CO 2 ) 7 one-directional diffusion is assumed (O 2 from air to blood and CO 2 from blood to air) 8 N 2 diffusion is neglected, which has either way diffusion 9 35 capillary segments and 35 alveolar units reported in Lu et al. (2001) are lumped as single capillary and single alveolar unit.
Based on ideal gas law, the partial pressure of O 2 and CO 2 in all airways and in systemic, pulmonary circulation are written (Appendix).
P pl -mediated CP interaction
The interactions between CV and respiratory system could be incorporated in a variety of forms. In general, to study the interaction between two subsystems, generally one subsystem is perturbed and the other subsystem parameters are monitored. In our model, the driving pressure of the respiratory system (P pl ) is perturbed and the aortic pressure pulse of CV system is monitored. To influences of RPS on CVS is simulated by incorporating the pleural pressure variations in the CV system directly to all compartments that lie in the thorax, which include vena cava, right heart, pulmonary circulation, left heart and aorta (Sun et al., 1997; Lu et al., 2001 ).
Results and discussion
Numerical methods and parameters
In CV model, elastance or capacitance nodes are considered for formulating volume equations according to mass balance principles and flow equations are formulated for inertance nodes based on continuity equations. Similar way, respiratory, volume (elastance or capacitance) and flow equations (through airway resistances) are written.
The partial pressure equations of O 2 and CO 2 in blood and air are formulated based on ideal gas law. The state equations are given in Appendix. Fourth-order Runge-Kutta numerical method is used to solve the state equation for a time step of 10 ms. The model-based simulation software is written completely using MATLAB 7.4 (R2007a). Two-step model parameter identification procedure is adopted. Initially, they are roughly taken from physiological ranges reported in literature based on experimental works and then fine-tuned to yield accurate haemodynamic waveforms. The tuned model parameters of CV system are shown in Figure 1 and respiratory parameters are given in Table 1 . 
Sensitivity analysis
The sensitivity of each parameter of the CV model to important haemodynamic parameters has been analysed. The sensitivity is quantified by computing a gain factor, which is the ratio of percent change of affected haemodynamic parameter and percent change of affecting model parameter. Each model parameter is perturbed by a 10% increase from its control value. The simulation is run for few cardiac cycles (10 cycles) to settle from initial transients. From the settled response, the sensitivity gain is calculated for each parameter. The parameter for which the sensitivity gain ≥ 0.1 is considered and tabulated in Table 2 , the remaining parameters are considered as insensitive, which are not given in the table. Systemic after-load resistance R a and aortic valve resistance (R av ) and Venous compliances (C ven ) are sensitive because they are the major determinants of cardiac output and aortic pressure. All haemodynamics are more sensitive to ventricular elastance, which represents the pumping action of heart in CV system. Intrapleural pressure (P pl ) has good sensitivity; this may be due to its direct influence on cardiac units that lie inside the intra thoracic cavity. The qualitative sensitivity analysis of respiratory system can be done by changing the functional description of resistances and compliances, which is well explored in Liu et al. (1998) . Figure 3 shows the elastance and corresponding pressure plots of right and left heart. The elastance varies from their respective minimum diastolic value to their respective maximum end systolic value and vice versa from early diastolic relaxation to minimum end diastolic value in one cardiac cycle based on cosine function and the model predicted results are compared with the experimental results reported in Senzaki et al. (1996) . The intra-arterial pressure has three positive waves called a, c and v and three negative waves namely x, x1 and y as shown in Figure 4 (Li, 2004; Guyton and Hall, 2006; Seeley et al., 2008) . 'a' wave occurs during atrial systole, during which the phase pressure sharply raises to its maximum. The first negative 'x' wave appears during the onset of atrial diastole. Because of the relaxation of atria, the pressure falls and the Atrioventricular (AV) valves close at the end of this wave. The c wave represents the isovolumetric contraction. The raise in the pressure is due to the closure of AV valve and the increase in the intraventricular pressure, which cause budging of AV valves into the atria. The x1 appears during ejection period because of the displacement of AV valves towards the ventricle. During atrial diastole, atrium is filled with venous return blood, which causes v wave. In the next phase, AV valves open and blood flows from atria to ventricle, which generates y wave. The ventricles pressure also follows the corresponding changes in pressure with respect to atrium pressure and is well matching with the experimental results reported by Senzaki et al. (1996) 
Haemodynamic waveforms of CV model
Dynamics of respiratory model
Lung mechanics
The time-varying pleural pressure (P pl ) is the driving force for the respiratory model. Respiratory dynamics are simulated for quite breathing starting with inspiration. For quite breathing, P pl is negative, which is more negative in inspiration and less negative in expiration as shown in Figure 7 (a). The corresponding changes in alveolar pressure are shown in Figure 7 (b). The pressure in alveoli causes flow of air in and out of alveoli. During inspiration, because of negative PA, the atmospheric air enters the alveoli through airways, lung recoil pressure increases simultaneously which compensates P A changes and therefore ends inspiration phase. Pulmonary ventilation is a cyclic process, by which fresh air enters the lung and an equal volume of air is exhaled, which includes the anatomical parts where there is no gas exchange (dead space). The alveolar ventilation is different from the pulmonary ventilation. The alveolar ventilation indicates the volume of air, which is utilised for gaseous exchange. Figure 8 shows the pulmonary (dead space volume) and alveolar ventilation (alveoli volume). The model-simulated plots are matching with the experimental results reported in Barbini et al. (1994) . 
Gas exchange
Gas exchange occurs at the alveolar-capillary membrane owing to partial pressure gradient. The alveolar air is different from the inspired air. The alveolar air is partially replaced by the atmospheric air during each breath. Figure 9 (a) shows partial pressure of O 2 and CO 2 in upper air way (Dead space) and Figure 9 (b) in alveolar region (Hlastala, 1972; Guyton and Hall, 2006; Seeley et al., 2008 P is achieved by mixing of inhaled air with residual air at alveoli. The rate at which alveolar gas is renewed is slow in quite breathing. This is evident from different slopes of partial pressure graphs during inspiration and expiration. The slow renewal of alveolar air is important in preventing sudden changes in concentration of gases in the blood. The high-frequency variations in alveoli 2 O P and 2 CO P represent cardiac influences on gas exchange (cardiac frequency). The partial pressure of oxygen in the atmosphere is nearly 159 mmHg and in the alveoli it is 106 mmHg (at the start of inspiration), because of the pressure gradient diffusion of oxygen from atmosphere to alveoli takes place. But, the partial pressure of oxygen in the pulmonary capillary is nearly 40 mmHg, which is less than 2 O P in alveoli (106 mmHg), which facilitates O 2 diffusion from alveoli into the blood. The reverse process occurs for CO 2 . The results obtained from our model are having good agreement with the results reported in Lin and Cumming (1973) and Liu et al. (1998) . Figure 10 shows the effect of respiratory-induced variation in aortic pressure (P ao ) for quite breathing. In quite breathing, P ao is modulated with low-frequency respiratory rhythms. During inspiration because of high negative intrathoracic pressure, reduction in aortic pressure is observed. Negative P pl increases the venous return, which results in reduced RV stroke volume. The reverse effect is observed in LV stoke volume, which leads to decrease in aortic flow and therefore slight decrease in aortic pressure in inspiration phase. The model-simulated haemodynamic variations are having good agreement with the experimental data reported in Robotham et al. (1979) . Valsalva Manoeuvre: Typical CP interaction is studied by VM. The VM is simulated by keeping P pl as high positive pressure (30 mmHg for 15 s). The simulated arterial pressure in VM (Figure 11 ) exhibits four distinct phases as reported in Eduardo et al. (1991) . Phase I: During Phase I, the increase in arterial pressure is caused by the sudden elevation of intrathoracic pressure that expels blood contained in the cardiac and the pulmonary circulation into the peripheral circulation. In this phase, only heart rate is found to respond by a rapid increase, which is mediated by the quick withdrawal of vagal stimulus resulting from the unloading of the aortic and the CP receptors.
CP interaction
Phase II: Thereafter, during early Phase II, the reduction in venous return and the subsequent resultant decrease in cardiac output lead to a fall in arterial blood pressure. During this phase, heart rate keeps increasing to maintain arterial blood pressure. At the same time, sympathetic vasoconstriction and enhancement of cardiac contractility also begin to work against hypotension. However, because of the latency of sympathetic response, sympathetic activation is at a low level in this phase. During early Phase II, continual tachycardia, augmented sympathetic vasoconstriction and enhanced cardiac contractility function together to promote the active recovery of arterial blood pressure. In our model, sympathetic vasoconstriction and cardiac contractility are not implemented. Hence, in the late Phase II of simulated waveform, the recovery blood pressure is missing.
Phase III: During Phase III, the release of the strain results in a short-term sudden fall in arterial blood pressure, in response to which parasympathetic and sympathetic activations are further strengthened, evident in both the simulation and the experiments.
Phase IV: Thereafter, during Phase IV, the enhancement of vagal stimulus results in a negative overshoot in heart rate at the early stage, and the recovery of venous return along with the ANS-mediated regulation lead to a rapid increase in arterial blood pressure, again evident in the simulation.
Model limitations and extension
As in any physical model, our model also has some limitations.
1 the pulse wave propagation phenomenon is not addressed 2 ANS-mediated reflex activities such as CP reflex and chemoreflex are not considered 3 whole alveolar units are lumped as a single unit in respiratory model and upper airway bifurcations are not considered 4 it is a supine human model, so average P pl is applied to all CV segments that lie in intrathoracic cavity 5 coronary circulation is omitted and also not possible to simulate regional disease 6 gravitational effect on haemodynamics is not included 7 the chest wall viscoelastance effect is not considered 8 gas transport at tissue level is not addressed.
However, this model has potential to address the above-mentioned limitations. This model also has the advantage of simulating CP diseases such as Mitral valve Stenosis (MS), mitral regurgitation, left heart failure, right heart failure, cardiac tamponade, pulsus paradoxus, asthma, sleep apnoea, emphysema and the influence of one system pathophysiology on the other system.
Glossary
Cardiovascular anatomical units considered in the model are abbreviated as follows. ven -venous, VC -vena cava, ra -right atrium, tv -tricuspid valve, rv -right ventricle, pv -pulmonary valve, pua -pulmonary artery, puc -pulmonary capillary, puv -pulmonary vein, la -left atrium, m -mitral valve, lv -left ventricle, av -aortic vave, ao -aorta, art -artery and cap -capillary. In similar way, all elastance/capacitance nodal equations (totally 12) are formulated. The flow equations are formulated for every inertance node as shown in Figure 12 (b).
Here, upstream and downstream parameters are considered. For example, venous inertance (L ven ) node and mitral valve inertance flow equations are written as follows 
Respiratory model
In respiratory model, the mathematical formulae in gas exchange are given only for oxygen; formulae can be written for carbon dioxide by replacing corresponding parameters of CO 2 
